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Abstract. It is easy to show that the lower and the upper box 
dimensions of a bounded set in Euclidean space are invariant with 
respect to the ambient space. In this article we show that the 
Minkowski content of a Minkowski measurable set is also invari- 
ant with respect to the ambient space when normalized by an ap- 
, propriate constant. In other words, the value of the normalized 

Minkowski content of a bounded, Minkowski measurable set is in- 
trinsic to the set. 
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t^.! 1. Introduction 

<N 

\ In the last century, there has been a growing interest for computing 

t^. ■ fractal dimensions of various sets. The notion of fractal dimension goes 

back to H. Minkowski (Minkowski dimension), H. Hausdorff (Hausdorff 
dimension) and G. Bouligand (Bouligand dimension). In dynamical 
systems, fractal dimensions of invariant sets were used to measure the 
complexity of systems. For a short overview of applications of fractal 
dimensions in dynamics see e.g. |15j . 

We deal here with box dimensions and Minkowski contents of sets. 
Among other applications, it has been noted that the box dimension 
and the Minkowski content of spiral trajectories or of trajectories of 
Poincare maps around limit periodic sets show their cyclicity in per- 
turbations, see e.g. [9J and [14]. Also, box dimension and Minkowski 
content of a set are closely related to the domain of analyticity of the 
associated distance zeta function, see e.g. [E]. 

A notion closely related to Minkowski content is Minkowski measur- 
ability. We cite some articles dealing with Minkowski measurability, 
for example [J], [7] and [11]. In their study of the Weyl-Berry conjec- 
ture, Lapidus and Pomerance in [7] characterized compact sets on the 

real line which are Minkowski measurable. They provided a method 
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for constructing Minkowski measurable sets on the real line of any box 
dimension d G (0, 1). They further showed that the Cantor set is not 
Minkowski measurable on the real line. 

Bilipschitz transformations preserve the box dimension of a set, see 
e.g. [3j. On the other hand, not a lot about preserving Minkowski 
measurability is known. Bilipschitz mappings in general do not pre- 
serve Minkowski measurability of sets, see [TT]. Sufficiently general 
conditions imposed on mappings which ensure that Minkowski mea- 
surability is preserved have not yet been proposed. 

In this article, we pose the following questions: 

(i) Is Minkowski measurability of a set in Euclidean space preserved 
when the set is embedded in a higher-dimensional Euclidean 
space ? 

(ii) Is Minkowski content of a set invariant with respect to the am- 
bient Euclidean space in which we consider the set? 

Our results are stated in Theorem [5] and Theorem @] in Section [31 

Let us introduce the main notions. Let U C R N be a bounded set. 
For e > 0, by we denote its e- neighborhood in R N : 

f/f = {iGl H : d N {x,A) < e}, 



where denotes the Euclidean metric in W N . 



For the following definitions, see e.g. [T3]. Let voLy (U^) denote the 
Lebesgue measure of in R . 

The lower s-dimensional Minkowski content of a bounded set U C 
R N , s e [0, N], is defined as the limit 

(1) Ml(U,R N ) = limipf V01 " N {U P e [0,oo]. 

Similarly, we define the upper s-dimensional Minkowski content A4* S (U, } 
using limsup instead of liminf. If the upper and the lower Minkowski 
contents agree, then the s-dimensional Minkowski content of U, de- 
noted by A4 S (U, M N ), is defined to be this common value. 

Furthermore, the lower and upper box dimension of the set U C R 
are defined respectively as 

dim P (EAR*) =sup{s > : Mt(U,R N ) = oo} 
= inf{s > : Mi(U,R N ) = 0}, 

&m B (U,R N ) =sup{s > : M* 8 (U,R N ) = oo} 
= inf{s > : M**{U,R N ) = 0}. 
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They can be described as the moments of jump of the Minkowski con- 
tents A4l and Ai* s respectively from oo to 0, as s grows in [0,iV]. In 
the literature, the upper box dimension is sometimes called the limit 
capacity, see [T2"j . 

If dim p (U, R N ) = dmiB([7, R ), we define the box dimension of the 
set U C R N as the common value: 

dim B (f/,M JV ) = djm B (U,R N ) = dhnsiU, R N ). 

Let us suppose now that the set U C R N has box dimension d = 
dimsiU, R N ). If the upper and the lower ci-dimensional Minkowski 
contents of U C R N are both in (0, oo), we say that the set U is 
Minkowski nondegenerate in Mr. If moreover both Minkowski contents 
agree, that is, if M* d (U,R N ) = Mi(U,R N ) G (0,oo), we say that the 
set U is Minkowski measurable in R N . For simplicity, in this case, the 
d- dimensional Minkowski content is called the Minkowski content and 
denoted simply by M(U,R N ). 

2. Motivation 

We state the result about the invariance of box dimension with re- 
spect to the ambient space in which we consider the set. That is, the 
box dimension of a set is an intrinsic property of the set. We were not 
able to find this result explicitely stated in the literature. 

Proposition 1. Let U C R N ^ R N+1 be a bounded set. Then it holds 
that 

dmi B (U,R N ) = dhn B (U,R N+1 ), 
dh^ B (U, R N ) = dim B (C/, R N+1 ), 



where dims(?7, R ) denotes the box dimension of U when regarded as 
a subset ofR . 

Proof. Let / : R N — >■ R N+1 , /(x) = (x,0). Then / is obviously a 
bilipschitz mapping from U C R N onto U — U x {0} C R N+1 . By 
[3], Section 3.2, the upper and the lower box dimensions are preserved 
under bilipschitz mappings. □ 

By Proposition [TJ we can denote the lower and the upper box di- 
mensions of the set U C R N by d\m p {U) and drnxsiU) respectively, 
without mentioning the ambient space where we consider the set. 

Our goal is to obtain a similar result for the Minkowski content of a 
set U. We cannot proceed as in the above proof, since the Minkowski 
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content is not invariant under the bilipschitz mappings. Moreover, 
the property of Minkowski measurability is not preserved even by C 1 
bilipschitz mappings, see [TT] . 

A bounded set U C R can be embedded in R N+1 as the Cartesian 
product U x {0}. For the Minkowski content of the Cartesian product, 
the following estimates hold, see [6j Theorem 3.3.6]: 

Proposition 2. If A C R M and B C M N , then the following result for 
the Minkowski contents of the Cartesian product A x B C R M x R^ 
holds: 

< Ml +S {A x B,R N+M ) < M* {r+s) (A x 5, R JV+A/ ) < 

< M* S {A,R M ) ■ M* r {B,R N ), 

where < s < M, <r < N. 

Applying the above proposition to the set U C R N ^ R^, we get 
the inequalities involving the ambient spaces: 
(2) 

2-^^Mi{U,R N ) < Mt(U,R N+1 ) < M* S (U,R N+1 ) < 2M* S {U, R N ), 

where < s < N. 

From inequality (J2]), nothing can be said about preserving the s- 
dimensional Minkowski content of a bounded set in R , when embed- 
ding it into R^" 1 " 1 . In Theorem[5]in Section[3l we improve the constants 
from 02]) by making them equal. With improved constants, in Theo- 
rem HI we show that the Minkowski content of a Minkowski measurable 
set is invariant with respect to the ambient space, when multiplied by 
an appropriate constant. 

Finally, the next paragraph gives us an idea about the constant by 
which we should normalize the Minkowski content to ensure invariance. 
In e.g. [10], the Minkowski contents are defined in the same way as in 
Section [1] that is, without any normalizing constant. Let us recall 
an alternative definition of Minkowski contents from e.g. [5] and [6]. 
The s-dimensional Minkowski contents defined in (TlJ are additionally 
divided by the constant 



MINKOWSKI CONTENT, AMBIENT SPACE 



5 



We will call them the normalized lower and upper s- dimensional Minkowski 
contents, 

( 4) m'M^) - MliU ' RN \ M"(U,R») = MZEm, 

jN-s iN-s 

Here, T is the usual gamma function. For any integer s £ [0, N), Jn-s 
is equal to the volume of the unit ball in M^ -5 . 

As before, if Ml(U, R n ) = M* S (U,R N ), the common value will be 
called the normalized s-dimensional Minkowski content and denoted 
by A4 (U, R N ). Furthermore, if s = dirn^i/), we omit writing the 
superscript d and write only M*(U,R N ), M*{U,R N ) and M{U,R N ). 

This normalization ensures that, for an integer k, 1 < k < N, the 
normalized fc-dimensional Minkowski content of a fc-rectifiable set in 
R N coincides with its fc-dimensional Hausdorff measure, which is an 
intrinsic value of a set, equal to the dimensional Lebesgue measure 
of the set, within the constant multiple depending only on k. It is 
therefore independent of the ambient space R N , for N > k. We cite [6j 
Theorem 3.3.4]: 

Proposition 3. Suppose 1 < k < N is an integer. Let U C R N 
be closed and let U C f(R k ), for some Lipschitz function f : R fe — > 
R . Then the k-dimensional Minkowski content of U exists and its 
normalization is equal to the k-dimensional Hausdorff measure l-L k (U) 
of the set, that is, 

M k (U,R N ) =H k (U). 

It remains however the question of invariance of the normalized 
Minkowski content of an arbitrary Minkowski measurable set of box 
dimension d with respect to the ambient space, also when d £ [0, N) is 
noninteger. We will show in Section [3] that the answer to this question 
is positive, even for noninteger d. 

3. Results 

In this section, we state our main results. Let ■Jn-s be as in 

The main result is the following theorem. It states that the Minkowski 
measurability is preserved when embedding the set in higher-dimensional 
space. Thus its normalized Minkowski content, as defined in e.g. [5] 
and [6], becomes independent of the ambient space. 

Theorem 4. Let U C R N be a Minkowski measurable set in R N , with 
the box dimension d G [0, N] . Then U is also Minkowski measurable 
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regarded as a subset ofR N+1 . Moreover, for Minkowski contents in R 
and R N+1 , it holds that 

M(U,R N+1 ) _ M(U,R N ) 

(5) 



^N+l-d iN-d 

In other words, the normalized Minkowski content of a Minkowski mea- 
surable set from R N remains unchanged by the embedding R N ^ ]R JV+1 ; 

(6) M(U,R N+1 ) =M(U,R N ). 

Proof. The proof follows directly from Theorem [5] below. Since the set 
U is Minkowski measurable, all the inequalities in (jjTj) become equalities. 

□ 

The following Theorem gives the inequalities concerning the upper 
and the lower Minkowski contents in ambient spaces, in general case, 
also when U is not Minkowski measurable. 

Theorem 5 (Minkowski contents and embedding). Let U C R N be 

a bounded set and let < s < N. Then the following inequalities 
between s-dimensional Minkowski contents in ambient spaces R N and 
R N+1 hold: 

Mj(U,R N ) < Mj(U,R N+1 ) < 

lN-s ~ jN+l-s _ 

< M* S (U,R N+1 ) M* S (U,R N ) 



lN+1-s iN-s 

The above inequalities hold also in the case of Minkowski contents equal 
to or oo. 

Remark 1 (Optimality of constants in ©). Let us reformulate (J7|). 
For any s G [0, N] and for any bounded set U C Mr, it holds that 

(8) Mt(U,R N+1 ) > Mt(U,R N )^^, 

iN-s 

M* S {U,R N+1 ) < M* s (U,R N ) lN+1 ~ s . 

lN-s 

The constant 7 ^ 1 ~ s ^ n © is optimal for a given s G [0, N]. Let s G 
[0, N}. By Theorem 3 in [11] . there exists a Minkowski measurable 
set in R with box dimension equal to s. By Theorem^ above, for 
Minkowski measurable sets, inequalities in (JSJ) become equalities. This 
proves that the constant 7 ^+ 1 ~ s in is the best possible. 

Let us comment here on an alternative proof of the fact used above: 
for every s G [0, N], there exists a Minkowski measurable set U C R N , 
such that dime [/ = s. First, on the real line, one can construct a 
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Minkowski measurable set of any box dimension d G [0, 1]. The set 
can be constructed using fractal strings, as in [7], or as a discrete orbit 
generated by function g(x) = x — x a , a G R, a > 1, as in |2J. is 
easy to prove that, if U C R w is Minkowski measurable in R , with 
box dimension d, then U x [0, 1] is Minkowski measurable in R N+1 , with 
box dimension d+1. Moreover, the values of their Minkowski contents 
(in R N and R N+1 respectively) are the same. The proof follows directly 
from definition of Minkowski content and the obvious geometric fact: 

voW +1 ((U x [0, 1])/ +1 ) = vol*(*7f) • 1 + vo\ N+1 (U» +1 ). 

In the proof of Theorem \5\ we use the following two auxiliary propo- 
sitions. 

Proposition 6. Let U C R N be a bounded set. Let and U^ +1 
denote the e -neighborhoods of U in R N and R N+1 respectively. For 
e > 0, it holds that 

vol N+1 (U? +1 ) = 2 f vol* {U N r--)dy, 



where vol* denotes the Lebesgue measure in R . 

Proof. Let U C R N ^ R N+1 . We fix the coordinate system in R N+1 
such that U lies in the N- dimensional plane {x = 0}. Let <i* and (i*+i 
denote the Euclidean distances in R^ and R^" 1 " 1 respectively. 
We have 



(9) vol* +1 (U £ N+1 ) =//.../ 1-dxdy. 

J J J{( X ,y)m N xR : d N+1 ((x,y), U)<e} 

Obviously, d* + i((x, y), U) = a/g?*(x, U) 2 + y 2 . For a fixed y G [— e, e] 

the following sets are equal: 

(10) 

{x G R N : d N+1 ((x,y), U) < e} = {x G R N : d N (x,U) < ^e 2 -y 2 }. 
Using Fubini's theorem, from and ( ffOj) we get 



vol* +1 (U? +1 ) = I dy 1 • dx 

■/{xGlR^ : djv(x,C/)< ^e 2 -!/ 2 } 



— 6 

e 



vol* (^^i) 
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Proposition 7. Let < s < N and e > 0. It holds that 

JO iN-s 

where Jn-s is defined in ([3]) . 

Proof. The above integral is computed substituting y = e sin t. We get 

2 / (V^-y 2 f~ 8 d y = £N+1 ' S • 2 / 2 (cost)^ 1 - 8 tft 



Jo 



v^r(^ + i) _ 



r(^ + |) 5 

_ 7AT+1-S _ £ iV+l-s 

7jv- s 

Here, B(x, y) denotes the Beta function and the equalities follow from 
its relation with the Gamma function, which can be found in any book 
on special functions, see e.g. pQ. □ 

Proof of Theorem O 

Let us prove the first inequality in (J7J). That is, 



Mt(U,R N ) ■ < Mt{U,R N+1 ] 



lN-s 

N\ 



Suppose first that Ml(U,R N ) G (0,oo). From 



Mi(U,R") =liminf 



e^O e N ~ s 



by the definition of the limit inferior, we get that for each 5 > 0, there 
exists es > 0, such that for all e < e$, 



vo\ N (C/f ) > (Ml(U,R N ) - 6) ■ e N " 



By Proposition El substituting (TTTT) in the integral, we get that for each 
5 > 0, there exists es > 0, such that for all e < es, 



vobv +1 (U? +1 ) > 2(M S MR N ) -8) f \fe 

Jo 



-N-s 



V 2 dy, 



(12) > (Ml(U,R N ) -5)e N+l ~ s ^^. 

IN-s 

Here, the last inequality is obtained using Proposition 
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Reformulating ( Fl2i) . for each S > 0, there exists e$, such that for all 

e < e 5 , 

(13) VOlN+ '} U " +1) > Mi(U, R N ) • ^±i^ - 5. 
K ' £ N+i-s ~ K 1 7tv-s 

Since Mt(U,R N+1 ) = liminf £ _> ^^rtS^ 1 , using (JTJ, we conclude 
that 

(14) M'JJJ, R N+l ) > Mt(U, R N f N+l ~ s . 

Note that from (IT31) it is not possible to conclude equality in ( 1T3|) . 

In the case when Ail(U, R ) = oo, the proof is similar. The case 
when Af^K*) = is obvious. 

The last inequality in ©, 

M*'^,!^ 1 ) < M M ([/,K^ - lN+1 - s 



lN-s 

can be proven analogously, using limsup instead of liminf. □ 

From Theorem [5] and Remark [TJ we immediately derive the following 
interesting consequence. 

Corollary 8. Let s E [0,N]. For a given s, letlAl andti* s denote the 
following families of sets: 

Ul = {U C R N : Mi(U,R N ) E (0, oo)}, 

U* s = {U CR N : M* S (U, R N ) G (0, oo)}, 

which are nonempty by RemarkUi It holds that 

. Ml(U,M. N+1 ) M* S (U,R N+1 ) 7jv+i- s 

mm — . . jTz m » r s = max 



ueui Mt(U,R N ) uat» M* S (U,R N ) j N ^ s ' 

Equivalently, for normalized Minkowski contents defined in (j4]), it holds 
that 

. Ml(U,R N+1 ) M*\U,R N+1 ) 1 

mm . = max , , = 1. 

ueui Ml(U,R N ) ueu** M (U,R N ) 

Moreover, the minimum and the maximum are achieved for all Minkowski 
measurable sets of box dimension s. 



We conclude this section with some remarks. 

Remark 2 (The converse) . It remains open if the converse of the state- 
ment in Theorem holds. That is, assume that U C R N . If U is 
Minkowski measurable in R N+1 , does it follow that U is also Minkowski 
measurable in the lower-dimensional space R ? 
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Remark 3 (Invariance of upper and lower Minkowski content). The 

question that remains open is if the invariance with respect to the am- 
bient space OH]) holds separately for normalized upper and normalized 
lower Minkowski contents. That is, if the first and the last inequalities 
in (jTJ) are in fact equalities for any U G M. N , not necessarily Minkowski 
measurable. As already stated, equalities cannot be obtained using the 
proof proposed above. The question remains if we can obtain equali- 
ties in some other way or, on the contrary, construct a counterexample 
to show that the answer is negative. A counterexample here would be 
any bounded set in M. N , which is not Minkowski measurable, and whose 
normalized lower or upper Minkowski content are not invariant with 
respect to the ambient space, if such exists. 

To illustrate the results of Theorem HI let us compute the Minkowski 
contents of some basic sets, when regarded in the ambient spaces of 
different dimensions. 

Example 1. 

(1) Let U = {x} C R. Directly using definitions, we compute: 

dim B [/ = (), M(U,R) = 2, M(U,R 2 )=n. 

On the other hand, by (J3J), 72/71 = 7r/2, so the formula (J5J) 
holds. 

(2) Let U = [a, b] be a segment of length I = b — a in R. Then 

dim B 17 = 1, M(U,R)=l, M(U,M. 2 ) = 2l. 

On the other hand, by Q, 71/70 = 2/1 = 2, and the formula 
© holds. 

Acknowledgments. / would like to thank Darko Zubrinic, who pro- 
posed the question of invariance of the Minkowski content with respect 
to the ambient space, and to Vesna Zupanovic, for her useful sugges- 
tions. 
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